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For p a prime, consider (Z/pZ)×, the multiplicative group of the nonzero integers modulo
p. We know that exactly half of the elements are squares, and want to find them. The Legendre
symbol

`
a
p

´
is defined to be 1 if a is a square in (Z/pZ)×, −1 otherwise. Besides simply squaring

the integers from 1 to p− 1 to see if
`
a
p

´
= 1, we can also use Euler’s Criterion, which states that`

a
p

´
= a

p−1
2 mod p. However, the most elegant way uses the law of quadratic reciprocity, first

proven by Gauss. It states that if p and q are odd primes then„
q

p

«„
p

q

«
= (−1)

q−1
2 ·

p−1
2 .

We will prove this result using elementary group theory. Consider the group G = (Z/pZ)× ×
(Z/qZ)× for p, q odd primes. Note that A = {(1, 1), (−1,−1)} is a normal subgroup of G, and
let H = G/A be the quotient group. We will find two equivalent expressions for the product of all
elements of H by considering coset representatives for A.

Any (a, b) ∈ G can be written uniquely as (a,±b′) where 1 ≤ a ≤ p− 1 and 1 ≤ b′ ≤ q−1
2

.
Since negating a does not change the possibilities for the first coordinate, S = {(x, y) | 1 ≤ x ≤
p− 1, 1 ≤ y ≤ q−1

2
} is a set of coset representatives for A. Taking the product of all elements of

this set gives “
(p− 1)!

q−1
2 ,
`
q−1
2

´
!p−1

”
but we know that in Z/qZ

( q−1
2

)!2 = (−1)
q−1
2 (q − 1)!

and therefore

( q−1
2

)!p−1 = (( q−1
2

)!2)
p−1
2 =

“
(−1)

q−1
2 (q − 1)!

” p−1
2

= (−1)
q−1
2 ·

p−1
2 (q − 1)!

p−1
2 .

So the product can be rewritten as“
(p− 1)!

q−1
2 , (−1)

q−1
2 ·

p−1
2 (q − 1)!

p−1
2

”
.
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Next, we apply the Chinese Remainder Theorem to find another set of coset representatives,
namely the set

T =
˘

(k mod p, k mod q) | k = 1, 2, · · · , pq−1
2

; (k, pq) = 1
¯
.

Clearly under multiplication by (−1,−1) the elements of Z/pqZ over pq−1
2

are included, and
generate all elements of G that are not in T . Therefore, this is a second set of coset representatives.

Denote the product of these ordered pairs by (r, s). Then, r is the product of all k taken modulo
p, and s is the same product but modulo q. Since we require (k, pq) = 1, to calculate r we may
exclude all multiples of p, then divide out all multiples of q:

r =

 
p−1Y
i=1

i

! 
p−1Y
i=1

p+ i

!
· · ·

 
p−1Y
i=1

„
q − 1

2
− 1

«
p+ i

!0B@ p−1
2Y
i=1

q − 1

2
p+ i

1CA
(1 · q)(2 · q) · · ·

`
p−1
2
· q
´

By manipulating the terms and applying Euler’s Criterion, we find:

r =
(p− 1)!

q−1
2
`
p−1
2

´
!

q
p−1
2
`
p−1
2

´
!

=
(p− 1)!

q−1
2

q
p−1
2

=
(p− 1)!

q−1
2`

q
p

´ = (p− 1)!
q−1
2

„
q

p

«
We also have a symmetric expression for s:

s = (q − 1)!
p−1
2

„
p

q

«
So by equating this with the product from the previous calculation we find:“

(p− 1)!
q−1
2 , (−1)

q−1
2 ·

p−1
2 (q − 1)!

p−1
2

”
=

„
(p− 1)!

q−1
2

„
q

p

«
, (q − 1)!

p−1
2

„
p

q

««
Therefore, “

1, (−1)
q−1
2 ·

p−1
2

”
=

„„
q

p

«
,

„
p

q

««
.

Since we have been working in G/A, this is only accurate up to sign. But if we multiply the
components of the ordered pairs together having both negative will make no difference, so we have
the desired equation: „

q

p

«„
p

q

«
= (−1)

q−1
2 ·

p−1
2


